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Non-Poisson Counting 

Suppose an aliquant of a sample is being analyzed for a radionuclide and the determinative step of the 
analysis is a radioassay performed using a radiation counter. The aliquant initially contains N atoms of the 
analyte, and each of these atoms will produce some nonnegative number of counts Ci during the assay. 
(N might be very large.) Assume the analyte’s decay chain includes one or more short-lived states and 
that the atom emits radiation of some type when decaying from each state. So, each Ci may be 0, 1, or 
greater than 1. 

Assuming the Ci are independent and have the same mean E(Ci) = μC and variance 2)( CiCV  , the index 

of dispersion
*
 for the total number of counts produced by the N atoms is 
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So, the index of dispersion J is the same regardless of whether we consider the total counts obtained 
from all N atoms of the analyte or just the counts produced by a single atom. 

Question: What is the index of dispersion J for the number of counts C produced by one hypothetical 

atom of analyte in the source? 

Solution: We need expressions for the mean E(C) and the variance V(C), and both of these can be found 
by conditioning on the history of the atom H. 
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For a particular history h, 
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where Ah denotes the set of detectable radiations emitted by the atom in history h, and εr denotes the 
instrument’s counting efficiency for radiation r.

†
 So, the mean E(C) is given by 
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where the outer sum is over all possible histories of the atom h, or all histories that produce detectable 
radiation. The variance V(C) is found as follows: 
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So, J is given by 

                                                      
*
 The index of dispersion is defined as the ratio of the variance to the mean. For Poisson counting, J = 1. 

†
 The symbol ∈ denotes set membership. So, the sum is over all radiations r contained in the set Ah, which means all 

radiations emitted in history h. 
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In many cases E(C) is very small, because C is almost always zero. In these cases we can use 
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Simplifying assumption: Assume the efficiency of the radiation counter is either ε or 0 for each radiation 
emitted by the decaying atom. Let R denote the number of detectable radiations emitted by the atom (a 
random variable). For a particular history of the atom, h, let Rh denote the number of detectable radiations 
emitted in that history (a number). In this case, 
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where for n = 1 or 2, 
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Equation 6 then becomes 
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and equation 6′ becomes 
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When equation 11′ is valid, it can be used to obtain bounds for the value of J. It is easy to see that 

 RRRR max

2   (12) 

where Rmax denotes the maximum possible value of R, or the maximum number of detectable radiations a 
decaying atom of the analyte can emit. Therefore, 

 E(R) Ò E(R
2
) Ò Rmax E(R) (13) 

Equations 11′ and 13 together imply 

 )1(11 max  RJ   (14) 

Example 1: When analyzing a sample for 
226

Ra by counting emanated 
222

Rn in a Lucas cell, where Rmax = 

3 and ε å 0.75, inequality 14 implies 5.2)13(75.011  J . 

Example 2: When analyzing a sample for 
234

Th by beta-counting, where Rmax = 2 and ε å 0.5, inequality 14 

implies 5.1)12(5.011  J . 
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Example 3: Consider the 
226

Ra analysis again. A slightly simplified decay chain for 
226

Ra is 

 
226

Ra  
222

Rn  
218

Po  
214

Pb  
214

Bi  
214

Po  
210

Pb 

Although 
210

Pb is not stable, it is relatively long-lived, and we can consider it to be essentially stable when 
calculating J. Number these states sequentially from 0 to 6. The history of a 

226
Ra atom in the sample 

aliquant may now be defined by: 

(a) the state, F, of the atom at the time when the Lucas cell is filled; 
(b) whether the atom is recovered and captured in the Lucas cell (Y = 1 or 0); 
(c) the state, B,  of the atom at the beginning of the counting measurement; and 
(d) the state, T, of the atom at the end of the counting measurement. 

We assume that Y = 0 unless F = 1. I.e., an atom can be recovered only if it happens to be in the 
222

Rn 
state when the Lucas cell is filled. Let 

 tI = time allowed for ingrowth of 
222

Rn from 
226

Ra (ending when the Lucas cell is filled); 
 tD = time from filling of the Lucas cell till counting begins; 
 tS = count time; and 
 ε = counting efficiency for alpha-particles. 

Then 
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where Rj,k denotes the number of alpha-particles emitted as an atom decays from state j to state k. We 
can omit histories where Y ſ 0 (e.g., when i Í 1) or where Rj,k = 0 (e.g., when j = 6 or k = j). So, 
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and we can calculate the probability of each remaining history as follows: 
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where ),,( tjiP  denotes the function that gives the probability that an atom initially in state i will be in state 

j after time t has elapsed. So, 

  
 


5

1

6

1

,SDI ),,(),,1(]1|1Pr[),1,0()(
j jk

n

kj

n RtkjPtjPFYtPRE  (18) 

In theory, 
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where λi is the decay constant for state i, although other formulations may be better for accurate calcula-
tions. Note that P(0, 1, tI) is the probability that an atom of 

226
Ra (state 0) will be an atom of 

222
Rn (state 1) 

after time tI has elapsed, and the long half-life of 
226

Ra makes this is a very small probability. So, E(R) is 
very small, and we can estimate J by 
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The following table shows the values of Rj,k to be used in the preceding equation. 

Rj,k 

j 

k 2 3 4 5 6 
218

Po 
214

Pb 
214

Bi 
214

Po 
210

Pb 

1 
222

Rn 1 2 2 2 3 

2 
218

Po 0 1 1 1 2 

3 
214

Pb  0 0 0 1 

4 
214

Bi   0 0 1 

5 
214

Po    0 1 

Note that if j > 2 or k < j + 2 , then kjkj RR ,

2

,  because Rj,k = 0 or 1. 

Equation 20 needs simplification to be more practical for implementation at a typical lab. With this goal in 
mind, if we assume tD is long enough for the radon progeny to reach equilibrium, we can estimate 
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 (21) 

With a reliable algorithm (e.g., Siewers) for P(j, k, tS), this ratio can be calculated accurately. Since the ratio 
is a function of tS but not tD, its values can also be tabulated easily. 

tS / min E(R2 ï R) / E(R) 

5 0.267 

10 0.411 

15 0.500 

20 0.565 

30 0.664 

60 0.906 

90 1.106 

120 1.264 

150 1.385 

180 1.476 

210 1.546 

240 1.601 

300 1.680 

400 1.760 

500 1.808 

600 1.840 

700 1.863 

800 1.880 

900 1.893 

1000 1.904 

2000 1.952 

3000 1.968 

4000 1.975 

5000 1.980 

6000 1.983 

∞ 1.994 
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where the last row is based on the fact that 
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If we define the cell calibration factor CF to be the ratio of the expected counts to the expected 
222

Rn dis-

integrations in the cell, and if we continue to assume equilibrium of radon and progeny, then 
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Although the right-hand side appears to depend on the count time tS, the assumption of equilibrium 
means that it does not. So, take the limit as tS Ÿ Ð to get 
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which implies ε = CF / 3.0097. Alternatively, consider an infinitesimal count time tS Ÿ 0 and use L’Hôpital’s 
Rule to get 
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NOTE: The factor 3.0097 is just the ratio of the total alpha activity to the 
222

Rn activity. 

We also have the mathematically less-than-obvious fact that for any count time tS, 
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which makes )(/)( 2 RERRE   slightly easier to calculate. 
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If we use the actual values of Rj,k, we see that 
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To obtain an equation that is more easily implemented in software, expand the function P(j, k, tS) in the 

numerator of equation 27 and combine terms that have the same exponential factors. 
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where 
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and 

 0097.3
))()()((

1
15141312

5432

12

2 













  (31) 

NOTE: If we try a similar trick on the denominator of equation 21, expanding P(j, k, tS) and combining 

exponential terms, equation 26 shows that we get 
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If we define M = (E(R
2
 ï R) / E(R)) / τ, then we have 
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and where ci = ai / τ. These coefficients can be tabulated. 

 c1 = ï0.666 535 400 092 

 c2 = 0.000 127 389 356 

 c3 = 0.008 940 600 686 

 c4 = ï0.005 047 398 841 

 c5 å 0   

 c6 =  0.662 514 808 890    

Notice that M Ÿ c6 as tS Ÿ Ð. 

Finally, when we examine the coefficients ci, we see that the short half-life of 
214

Po makes the value of c5 

so small that we can neglect the corresponding term S5e5

t
c

  in the equation for M. The term S5e5

t
c

  also 

tends to be tiny because of the large decay constant λ5. So, we end up with 
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Since the sum of the coefficients ci is zero, the expression for M can also be written as 

 
S1

S

S1

S

S1

S

e1

)e)(1(

e1

)1(e

e1

)1(e
4

2
1

4

1

5

1

t

i

t

i

t

i

t

i

t

i

t

i
iii c

c

cc

M















































 (34) 

Using a series expansion of Se
ti , it can be shown that 
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but tS must be very small to make this limit useful for approximating M. The same limit is also given by 
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where N(t) represents the numerator of the last expression for E(R
2
 ï R) / E(R) in equation 21. 
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Example 4: Consider the 
234

Th analysis again. A simplified decay chain for 
234

Th is 

 
234

Th  
234m

Pa  
234

U 

where the 0.16 % branch to 
234

Pa has been ignored. The half-life of 
234

U is so long that we can consider it 
to be essentially stable. If we apply all the same tricks as in example 3 to beta-counting 

234
Th and 

234m
Pa 

in equilibrium, we get 
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 (37) 

where λ0 = λ(
234

Th), λ1 = λ(
234m

Pa), λ2 = λ(
234

U) å 0, and 
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Algebraic manipulation produces the following: 
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If the beta-particle counting efficiency is ε, then 
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